April 8, 2019

Abstract Algebra Problems

1 2
1. Find the subgroup of M, (addition): <L) OD

2. Find the subgroup of S, <(124)>

Problem 10: What are the elements of <a > if ae G and G is a group with binary operation +.
Theorem 11: In a group G, with element a € G, then < a > is a commutative group.

Problem 12: Describe each of these subgroups in a way that lists or describes all of the elements
of the subgroup

a) <4>cZ

b) <4,6>cZ

c) <z>xR

d) <(12345)>cS;
e) <(12),(34)>cS,
) <1 2),d24)>cS,

g) <fr,>c D, where Iy, is the 90° clockwise rotation.
Problem 13: Which of the subgroups in problem 12 are abelian?

Problem 14: Give an example of a group that is not abelian.

Problem 15: Find a subset of the complex numbers that forms a group with the operation of
multiplication. Explain how you know that it is closed and has inverses. Explain why 0 is not in
your set.

Problem 16: Find a subset of the 2x 2 matrices that is a group with the operation of matrix
multiplication. Explain how you know that it is closed and has inverses.

Problem 17: Which of these sets are groups under matrix multiplication? Explain.

a.S:{(a b]a,b,c,deR,ad—bcﬂ} b. S={(a O]
c d 0 0
a,d>0; a,deR} d.S:{(a bj

c 0

a>o0; ae]R}
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a,b,c>0; a,b,cER}
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Problem 18: Prove each of these sets are not groups with the identified operation:

a. R, x b. S= a |
0 d

c. {e,v,u,d} c D, the set of reflections and the identity.

ol

Problem 19: Prove each of these sets are groups, with the identified operation:

a. Q*= {E

abeZ,ab-0;, x b. S= 00
b 0 d

Problem 20: Prove a"a" =a™" for |m|>n>0 and m<0 without using induction

a,d >0; a,d eR},x

a,b,c>0; a,b,CER}, X

d>0; deR},x

Problem 21: Prove a"a"™ =a™" for n>0 and m< 0 by using induction on n.

Problem 22: Let S =<2 >c Z,+ which means S ={2n|neZ} (additive)
And let T =<2 >c R* x which means T ={2" |neZ} (multiplicative)
Let f:S —T suchthat f(2n)=2"
Prove f is an isomorphism.

Problem 23: Let S =<3 >c Z,+ whichmeans S ={3n|neZ} (additive)
And let T =<5 >c R* x whichmeans T ={5" |neZ} (multiplicative)
Let f:S—T suchthat f(3n)=5"

Prove f is an isomorphism.

Problem 24: Prove that Z ,+ is a group for any positive integer n.

Problem 25: List all of the units and all of the zero divisors of

a. Z, b. Zj C. Ly d. Z, €. Ly,
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Problem 26: Let r € D, be the counterclockwise rotation by 90°, and let S =<r >c D, be the
subgroup generated by r. We know from theorem 11 that S ={r" |[n € Z},o . You may

also assume that you know that r" is the counterclockwise rotation by 90°-n
Let f:S—>Z,,+ suchthat f(r")=[n],

a. Prove f is a function. To do this you must prove that if r" =r™ then [n]=[m]
b. Prove that f is a (group) isomorphism.

Problem 27: Given aring, R, and a,b € R such that a# 0

a. Does a or R need any additional properties in order for us to be able to find a solution for X
that is an element of R to the equation a+ X =b ? (If so, what properties do you need? If not,
how would you solve it?)

b. Does a or R need any additional properties in order for us to be able to find a solution for X
that is an element of R to the equation ax =b ? (If so, what properties do you need? If not, how
would you solve it?)

Problem 28:. I would like to have a ring R that has the zero-product property, which states:
Ifc,deR and cd =0 thenc=0 or d =0

This property will be true if R does not have any elements that are

Problem 29:. I would like to have a ring R where X =ba™" is the solution to the equation ax =b
for all a,b e R such that a # 0. What additional properties must R have in order for this to be

true?

Problem 30: Given a ring R with identity. Let U < R be the set of all units in R. Prove that U, -

is a group.

Problem 31: U is the set of units in Z, . List the elements in:

a) U,

b) U
c) Uy,
d U
e) U
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