Inverse functions and more with composition

Inverse functions:
The typical inverse function definition uses composition to define it: f and g are inverse functions if:

fog(x)=xand go f(y)=y
We’re using x and y as the inputs, but that doesn’t mean that the inputs have to be real numbers: x and y
could be standing for any element of a set, even an ordered pair.

Examples:
f:R?> = C suchthat f(x,y)=x+ yi and f:R —[0,%0) such that f(x)=x" and
g:C—> R® suchthat g(a+bi)=(a,b) areinverse g:[0,00) = R such that g(y)= \f; are not
functions: inverse functions because
Segla+bi)= f(a,b)=a+bi gof(-2)=g(@)=2#-2
g f(xy)=g(x+yi)=(x,y)

1. In order for the composition f o g(x) =x to make sense, what has to be true about domains and codomains?
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2. In order for the composition ge f(y) =y to make sense, what has to be true about domains and codomains?
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3.1f f:D — C isnotan onto function, is it possible for f to have anl inverse function? Why or why not?
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4.1f f:D — C is not one-to-one, is it possible for / to have an inverse function? Why or why no.t?l
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5.1f f: D — Cis both one-to-one and onto, does f always have an inverse function? Why or why not?
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Technical definitions of function, one-to-one, onto and invertible and some proofs:

Our definition of function:
A function f:S — T is a relation such that for each elements € S, there is one and only one corresponding
element f(s)eT

Our definition of onto:
Afunction f:S — T isonto (a surjection) if for every element ¢ € T there is at least one element s€ S such

that f(s)=1 .

Two definitions of one-to-one:

Afunction f:S — T is one-to-one (an injection) if for every element 1€ T there is no more than one
element s€ § suchthat f(s)=1¢

A function f:S — T is one-to-one (an injection) if whenever a,b€ S suchthat f(a)= f(b) then a=b
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1. Why do the two definitions of one-to-one mean the same thing?
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Theorem: Given f:R — S and g:S — T suchthat f and g are both functions, then gof:R —T isa
—~ function.

proof:
Let e R (7 represents any element in R)

gof(r)=g(f(r)

Because [ isafunctionand r€ R, f(r) exists and is one and only one elementin S

Because g isa functionand f(r)€ S, then g(f(r)) exists and is one and only one element in 7°
QED

52) Theorem: Given f:R — S and g:S — T suchthat f and g are both one-to-one functions, then
gof:R—T isaone-to-one function.

proof (Uses definition 2):
We already know that g o f is a function.

Suppose a,be R suchthat go f(a)=gof(b)

That means f(a), f(b)e S suchthat g(f(a))=g(f(b))

Because g is one-to-one, it must be true that f(a) = f(b)

So, now we have a,b€ R such that f(a)= f(b)

Because [ is one-to-one, it must be true that @ =b

So we have shown that if a,h€ R such that go f(a) =g o f(b) then a =b which (by the definition) means
that go f is one-to-one.

QED



